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The Rapid Sloshing Model methodology developed by Godderidge et al. [13], is used for the simulation of
sloshing in longitudinal and transverse cross sections of membrane liqueﬁed natural gas tanks near the
critical depth. Sloshing is induced by periodic translatory and rotational tank motions at and near the ﬁrst
resonant period. Subsequently irregular translatory motions obtained with a realistic wave spectrum and
simultaneous translatory and rotational motions are applied to the tank cross sections. The validated
Computational Fluid Dynamics (CFDs) methodology from Godderidge et al. (2009) is applied and it is
found that the results from the Rapid Sloshing Model are typically within 5–10% of the corresponding
CFD solution for linear, weakly nonlinear and strongly nonlinear sloshing with sloshing impacts. Simula-
tion times are typically 0.1% of real time on a desktop PC. A similar level of agreement between Rapid
Sloshing Model and CFD solution is observed when an irregular motion proﬁle from a realistic seaway
is applied to the tank for a duration corresponding to 35 min on a liqueﬁed natural gas carrier. Compared
to an existing phenomenological modelling approach the RSMmethodology reduces the error by up to an
order of magnitude in sloshing scenarios of practical interest.
 2011 Elsevier Ltd. Open access under CC BY license.1. Introduction
Design optimisation or the use of a numerical wave tank to
gather statistical sloshing data [14] require sloshing simulations
with long duration. The full assessment of loading times for off-
shore LNG (approximately 12–18 h) with CFD is not feasible with
currently available computational resources and methods. Recent
incidents of sloshing damage onboard LNG carriers [17] have
added further urgency to the improvement of sloshing analysis in
LNG carrier and ﬂoating LNG design. Membrane containment sys-
tems are considered to be at greater risk from sloshing damage
than spherical tanks and detailed sloshing studies are required to
determine the sloshing characteristics of a new tank design or ves-
sel operating proﬁle [22]. Although a tank will experience motions
in all six degrees of freedom, the most severe cases are roll, pitch,
sway and surge [22] and the largest sloshing loads tend to occur at
ﬁlling level – tank length ratios (ﬁlling ratios) of 0.1 6 h/L 6 0.5
[23]. The initial CFD analysis is normally undertaken by consider-
ing two dimensional sloshing motions of the longitudinal and
transverse cross sections of the tank [22].
This approach is adopted for the current sloshing investigation,
where the sloshing characteristics of the longitudinal and trans-
verse cross sections with a ﬁlling ratio of 0.3 and 0.4 respectivelyense.are investigated using the pendulum sloshing model introduced
in part one of this two part series [13]. One full ﬁeld simulation
of translatory sloshing is carried for each tank shape using CFD
with an excitation period at 1.25 times the ﬁrst resonant period
T1 to determine the imbalance force characteristics and the
remaining coefﬁcients are obtained from theoretical results. The
pendulum sloshing model is then applied to a sloshing case study
outlined in Section 2 which includes a wide range of excitation mo-
tion proﬁles. The corresponding cases are simulated independently
with the multiphase CFD sloshing model by Godderidge et al. [11]
which is summarised in Section 3. The sloshing case study results
for the sloshing model and the CFD simulation are compared in the
time domain and frequency domain in Section 4. The resulting con-
clusions and ongoing further work are outlined in Section 5.
The governing equations for the rapid pendulum sloshing mod-
el introduced in Godderidge et al. [13] with simultaneous rota-
tional and translatory excitation can be written as
_h1 ¼ h2
_h2 ¼ d3 _h31  d _h1 þ
1
l
½gy sinðh1Þ þ gx cosðh1Þ
 a h
hcrit
 b
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with
gx ¼ g sinðvÞ þ A cosðvÞ; ð2Þ
Fig. 1. Longitudinal membrane tank cross-section (all dimensions in m).
Fig. 2. Transverse membrane tank cross-section (all dimensions in m).
Table 1
Properties of the longitudinal and transverse sections.
Longitudinal Transverse
Filling ratio h/L 0.3 0.4
First resonant period T1 (s) 1.474 1.736
Effective sloshing mass fraction m1/mtot 0.63 0.59
Fig. 3. Power spectrum of tank acceleration proﬁle.
Fig. 4. Computational mesh for the longitudinal tank cross-section.
Fig. 5. Computational mesh for the transverse tank cross-section.
Table 2
Results of the grid independence study (from [9]).
Nodes Difference relative to the ﬁnest grid (%)
P4 P6 P9
5600 4.83 4.29 0.72
12,000 1.44 1.45 0.44
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gy ¼ g cosðvÞRðh1Þ þ A sinðvÞ; ð3Þ
where A is the translatory acceleration, v the angular displacement,
d a damping coefﬁcient, g gravity, l pendulum length and h angular
displacement. The coefﬁcients a, b, c and d describe the damping
model, hcrit is the centre of mass displacement angle at which im-
pact occurs and FRot inertial forces accounting for the rotating frame
of reference. Time derivatives are indicated by superscript dots.
Heave motions can be included with the introduction of a time-
varying component in g. Eq. (1) is solved numerically using an adap-
tive Adams–Bashforth–Moulton scheme with user-speciﬁed error
tolerances implemented in the software package MATLAB.
A systematic study of sloshing with increasingly realistic mo-
tion proﬁles is carried out. The ﬁrst stage uses periodic excitations
for translatory motions in cross sections representing longitudinal
and transverse LNG membrane containment systems. The excita-
tion periods vary from 0.8T1 to 1.1T1 for the longitudinal case
and the larges response is observed at resonance. The range of exci-
tation periods for the transverse cross section is reduced to the
range between 0.95T1 and 1.05T1 where the most signiﬁcant slosh-
ing response is expected. The transverse cross section is then sub-
jected to rotational motions with a range of excitation periods
between 0.95T1 and 1.25T1. The third stage considers an irregular
Table 3
CFD model description and parameters.
Water Incompressible ﬂuid
Air Ideal gas
Sloshing motion Body force (translation) and rotating frame
7of reference (rotation)
Turbulence model Standard k-e with scalable wall function
Spatial discretisation Gradient-dependent ﬁrst or second order
Temporal discretisation Second order backward Euler
Timestep control CN,RMS 6 0.15
Convergence control RMS residual <105
Table 4
Rapid Sloshing Model settings for longitudinal cross section.
Length 0.5397
Effective mass fraction 0.63
Linear damping coefﬁcient 0.024
Third-order damping coefﬁcient 0.044
Restoring force: function a1h + a2|h|h + a3h3
Restoring force: coefﬁcients a1 = 1.0428
a2 = 0.0583
a3 = 0.1272
Impact model: 16
Impact model: force coefﬁcients a = 0.025
b = 15
Impact model: damping coefﬁcients c = 0.0005
a = 24
Fig. 6. Comparison of normalised ﬂuid momentum
Fig. 7. Comparison of normalised ﬂuid momentum
B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24 3motion proﬁle which is obtained with an ITTC wave spectrum and
LNG carrier RAOs and variations in the motion amplitude and tank
height are considered. The ﬁnal stage of the systematic study uses
simultaneous translatory and rotational motions where the trans-
latory and rotational periods are not necessarily coincident.2. Sloshing investigation
2.1. Tank cross-sections
The longitudinal cross section for surge and pitch motions,
shown in Fig. 1, is sized to coincide with the experiments carried
out by Hinatsu [16]. Fig. 2 shows the transverse cross section of
a typical membrane LNG tank with a scale factor of approximately
1:20 and it is used for the simulation of sway and roll motions. In
the ﬁrst two stages of the sloshing case study, the excitation mo-
tions are periodic with the tank displacement x given as
x ¼ x0 sinðxtÞ; ð4Þ
where x0 is the motion amplitude,x ¼ 2pT excitation frequency and t
time. The ﬁlling levels are 60% of tank height in the longitudinal
cross section and 57% of the tank height for the transverse cross-
section. This corresponds to a ﬁlling ratio h/L of 0.3 for the longitu-
dinal cross section compared to the critical ﬁlling ratio of 0.3368.W for surge with excitation period T = 0.80T1.
W for surge with excitation period T = 0.95T1.
4 B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24The resonant sloshing periods of a rectangular tank can be cal-
culated using potential ﬂow [1]
Tm ¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gk tanhðkhÞp ; ð5ÞFig. 8. Comparison of normalised ﬂuid momentum
Fig. 9. Comparison of normalised ﬂuid momentum
Fig. 10. Comparison of normalised ﬂuid momentumwhere g is gravity, h the ﬁlling depth and, for a two dimensional
tank
k2 ¼ p2 m
2
L2
 
; ð6ÞW for surge with excitation period T = 1.00T1.
W for surge with excitation period T = 1.05T1.
W for surge with excitation period T = 1.10T1.
B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24 5where L is the length of the tank andm = 1, 2, 3, . . . Usually, the ﬁrst
resonant period T1 is the most crucial. For more complicated tank
shapes such as the transverse cross section, the boundary ele-
ment-based potential ﬂow code FSIAP [25] is used to determine
the resonant period. Table 1 summarises the key properties of the
two sections.(a): 180.0 TT =
(c): 100.1 TT =
(e): 110.1 TT =
Fig. 11. Comparison of power spec2.2. Test problems
The ﬁrst set of tests consists of surge motion with a range of
excitation periods from 0.80T1 to 1.10T1 and an excitation ampli-
tude of 0.015 m. The case with excitation period T = 1.25T1 was
used with the procedure in Godderidge et al. [13] to set up the(b): 195.0 TT =
(d): 105.1 TT =
(f): 125.1 TT =
tra for surge induced sloshing.
Table 5
Rapid Sloshing Model settings for transverse cross section.
Length 0.7487
Effective mass fraction 0.59
Linear damping coefﬁcient 0.23
Third-order damping coefﬁcient 0.79
Restoring force: function sin(ah)
Restoring force: coefﬁcients a = 0.99
Impact model: 16
Impact model: force coefﬁcients a = 0.025
b = 15
Impact model: damping coefﬁcients c = 0.00025
a = 24
6 B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24sloshing model and it is not included as a validation problem. The
pendulum sloshing model for the transverse cross-section is then
set up with the same procedure using CFD data from sway induced
sloshing with excitation period T = 1.25T1 and displacement ampli-
tude 0.025 m. Sway and roll validation problems consist of three
excitation periods near the ﬁrst resonant period. The sway and roll
amplitudes are 0.025 m and 2, respectively.
In stage three of the sloshing case study a irregular surge mo-
tion is applied to the longitudinal cross section and the effect of
impacts is examined by increasing the tank height. The motion
proﬁle is obtained using a standard ITTC two-parameter wave
spectrum [8], which can be written as
SðxÞ
H21=3TI
¼ 0:11
2p
xTI
2x
 5
exp 0:44 xTI
2x
 4 !
; ð7Þ
where the signiﬁcant wave height H1/3 is 6 m, the wave period TI is
10 s and x is wave frequency. The relationship between the jth
frequency component and the corresponding wave elevation Aj is
given as
A2j ¼ 2SðxjÞDx; ð8Þ
where Dx is the constant difference between successive frequen-
cies [8]. The resulting wave elevation is then given as
1 ¼
XN
j¼1
Aj sinðxjt  kjxþ ejÞ; ð9Þ
where kj is the jth wave number, x is a location along the direction
of wave propagation and ej is a random phase angle with a uniform
distribution between 0 and 2p. This wave spectrum is selected be-
cause it is a broad band spectrum compared to other sea spectra.
The resulting vessel acceleration proﬁle is determined using ship-
speciﬁc Response Amplitude Operators and scaling laws [21] and
the power spectrum of the motion proﬁle obtained is shown in
Fig. 3. The second and third resonant sloshing periods, given by
Eq. (5) as T2 = 0.62T1 and T3 = 0.50T1, are also in the range of excited
motion frequencies. The simulation time is 200 s, which corre-
sponds to approximately 35 min on a typical LNG carrier.
Stage four of the sloshing case study consists of ﬁve cases with
coupled periodic surge and pitch motions with increasing levels of
sloshing severity.
3. CFD model
CFD, the numerical solution of the Navier–Stokes equations, is
established as a suitable methodology for the simulation of slosh-
ing ﬂows [22]. It is worth noting that accurate prediction of slosh-
ing behaviour requires a systematic approach, validated against
detailed experimental data recent workshops. Both interface track-
ing methods, such as Marker-and-Cell, and interface capturing
methods such as the Volume of Fluid (VOF) method implemented
using ﬁnite-volume discretisation are used in design and research.
MAC is computationally efﬁcient as it tracks the location of the free
surface using massless particles and only the ﬂuid is discretised
[24]. However, ﬂow phenomena such as ﬂuid fragmentation and
air entrapment cannot be simulated with MAC methods. The vol-
ume-of-ﬂuid approach usually includes ﬂuid and gas phases and
can deal with violent sloshing beyond the limitations of theoretical
models. Some recent examples of ﬁnite volume CFD sloshing sim-
ulation include Hadzic et al. [15] and Aliabadi et al. [2] and Godde-
ridge et al. [11,12] compared the inﬂuence of homogeneous and
inhomogeneous multiphase models for VOF simulation of sloshing.
The application of VOF methods is restricted by its considerable
computational costs and Dias et al. [6] have developed a numericalmodel which treats the discontinuities in the free surface and the
mixing of gas and ﬂuid using averaged quantities which is less
computationally expensive.
3.1. Governing equations
An inhomogeneous multiphase model, which includes separate
transport equations for mass, momentum and energy for every
ﬂuid provides a more faithful representation of the dynamic inter-
action between the ﬂuids [19]. Godderidge et al. [11] validated the
inhomogeneous multiphase model for a surge-induced sloshing
ﬂow with experimental results and Godderidge et al. [12] carried
out further validation for sloshing impacts. In the inhomogeneous
multiphase model, a full set of conservation equations is solved for
each phase:
@
@t
ðrqÞ þ @
@xi
ðrquiÞ ¼ mþ C; ð10Þ
and
@
@t
ðrquiÞ þ @
@xj
ðrquiujÞ ¼ r @p
@xi
þ @sij
@xj
þMC þMr þ bi; ð11Þ
and the stress tensor sij is written as
sij ¼ l @ui
@xj
þ @uj
@xi
 
; ð12Þ
where bi is external body force (e.g. gravity), C mass transfer, l
dynamic viscosity, MC momentum transfer due to mass transfer,
Mr forces on the interface caused by the presence of the other
phase, q density, p pressure, r volume fraction, ui and xi the
Cartesian velocity and co-ordinate tensors. The mass and
momentum transfer terms link the phase velocity ﬁelds. In the pres-
ent problem there is no interphase mass transfer and the only
remaining term is Mr.
This is computed using the relative velocity between the liquid
and gas phases.
In the more widely used homogeneous multiphase model, this
term is assumed to be large and hence there is no relative velocity
between the phases [5]. Consequently, only one set of momentum
conservation equations has to be solved. This reduces the compu-
tational effort by typically 60% [11]. However, Godderidge et al.
[11] found that when simulating a nonlinear sloshing ﬂow using
CFD, the more complex inhomogeneous multiphase model should
be used.
3.2. Discretisation
The governing equations are discretised using a ﬁnite volume
method. Zwart [26] describes the discretisation procedure and
Godderidge et al. [11] give the governing equations in their discre-
tised form. In the present study a fully coupled solver, where the
discretised conservation of mass and momentum equations are
Fig. 12. Comparison of normalised ﬂuid momentum W for sway with excitation period T = 0.95T1.
Fig. 13. Comparison of normalised ﬂuid momentum W for sway with excitation period T = 1.00T1.
1 The simulations were run on a 64 bit, 2.2 GHz processor with 2 GB of RAM at the
University of Southampton Iridis 2 computational facility.
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conservation reported by Godderidge et al. [11] are not encoun-
tered and mass is conserved to within 0.1% of the initial mass for
simulations with more than 100,000 time steps. The advection
scheme is based on the scheme by Barth and Jesperson [4] and
the free surface is compressed by introducing an anti-diffusive ﬂux
in cells near the ﬂuid interface [26,3].
The spatial discretisation scheme varies between a ﬁrst and sec-
ond order upwind scheme depending on the gradient [3]. It was
found to be the most stable scheme. The sloshing motion of the
container is applied using a body force approach. This approach
adds additional time-dependent terms in the external body force
vector bi for translatory motions. When the tank is subjected to
rotational motions, additional inertial forces are introduced which
are accounted for with the introduction of corresponding terms in
the conservation of momentum Eq. (11) [3].
The computational meshes for the longitudinal and transverse
cross sections are shown in Figs. 4 and 5 respectively. The mesh
densities and distributions are based on the mesh independence
study for the longitudinal tank shape summarised in Table 2.
The longitudinal mesh contains 8745 elements (8109 hexahe-
dral and 636 wedge) and the reﬁned region at the top corners con-
tains 5266 hexahedral elements. The transverse mesh contains
18,038 elements (16,767 hexahedral and 1326 wedge) and the
reﬁned region at the top corners contains 8016 hexahedralelements. The advantage of the hybrid grid approach used in this
study is that only the regions of interest were reﬁned while main-
taining a hexahedral-dominant grid. This resulted in a more efﬁ-
cient use of computational resources.3.3. Model parameters
The numerical investigations were carried out using the com-
mercial CFD code CFX-11.11 and the computational parameters
were selected based on the sensitivity study by Godderidge et al.
[10]. It was found that the second order time marching scheme is
most appropriate, as mass and momentum are conserved over a
large number of time steps which is often requried for the simula-
tion of violent sloshing. The magnitude of each time step was con-
trolled dynamically using the root mean square of the local cell
Courant number CN computed over the entire velocity ﬁeld. A max-
imum threshold value of CN,RMS = 0.15 was identiﬁed in the valida-
tion study by Godderidge et al. [10] and the convergence criteria
was applied in line with the recommendations given by ANSYS [3].
The computational parameters used in the simulations are summa-
rised in Table 3.
Fig. 14. Comparison of normalised ﬂuid momentum W for sway with excitation period T = 1.05T1.
Fig. 15. Comparison of normalised ﬂuid momentum W for roll with excitation period T = 0.95T1.
Fig. 16. Comparison of normalised ﬂuid momentum W for roll with excitation period T = 1.00T1.
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The sloshing model given by Eq. (1) is validated by comparing
its results for the sloshing ﬂows identiﬁed in Section 3 with CFD re-
sults. These are independent of the corresponding solutions fromthe pendulum solutions model. The comparisons between the
sloshing model and CFD are quantiﬁed using the horizontal ﬂuid
momentum, given as
PCFD ¼
X
i
miui; ð13Þ
(a): First impact against side 
wall
(b): Free surface after 
second impact
(c): Third impact
Fig. 17. Volume fraction contours of VWater = 0.05, 0.50 and 0.95 for transverse tank section subjected to roll motion with excitation period T = 1.00T1.
Fig. 18. Comparison of normalised ﬂuid momentum W for roll with excitation period T = 1.05T1.
Fig. 19. Comparison of normalised ﬂuid momentum W for roll with excitation period T = 1.25T1.
B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24 9for the CFD result, where mi is the ﬂuid mass and ui ﬂuid velocity in
the ith control volume. Horizontal ﬂuid momentum is computed for
the pendulum-based model asP ¼ l m1  _h  cosðhÞ; ð14Þ
where l is the pendulum length which is obtained using Eq. (14),m1
the effective sloshing mass deﬁned in Section 2.1 and h the displace-
ment angle. The calculated ﬂuid momentum data are normalised as
follows:W ¼ P
Prigid
: ð15Þ
Prigid is the momentum of the equivalent rigid body, given as
Prigid ¼ m1 _x; ð16Þ
where _x is the velocity imposed on the tank by Eq. (4). The differ-
ence between the two results is computed as
DW ¼ PCFD  P
maxðPCFDÞ ; ð17Þ
(a): 195.0 TT = (b): 100.1 TT =
(c): 105.1 TT = (d): 125.1 TT =
Fig. 20. Comparison of power spectra for sway induced sloshing.
10 B. Godderidge et al. / Computers & Fluids 57 (2012) 1–24and the mean rectiﬁed difference for n time steps is deﬁned as
DWmean ¼ 1n
Xn
i¼1
jPCFD  Pji
maxðPCFDÞ : ð18Þ4.1. Longitudinal tank section
4.1.1. Surge
The longitudinal cross section is subjected to translatory mo-
tions in the ﬁrst part of the sloshing case study. The excitation
amplitude is 0.015 m for all surge cases and the excitation periods
are T = [0.80, 0.95, 1.00, 1.05, 1.10]T1. Table 4 summarises the set-
tings for the Rapid Sloshing Model for the longitudinal cross sec-
tion. The restoring force uses a third-order polynomial which
was obtained by curve ﬁt and this was carried out to conﬁrm the
applicability of the method to a restoring force which may not be
adequately described with a periodic function such as sin.
The result for the highest excitation frequency case with an
excitation period T = 0.80T1 is shown in Fig. 6. A linear sloshing re-
sponse [18] is observed and there are no impacts at the tank top.
There is a good match between the CFD result and the pendulum
sloshing model, but there are some small differences during the
troughs of the periodic beating. The mean error is 2.6% and the er-
ror peaks are between the beating phases.
The second surge validation case, shown in Fig. 7 uses an
excitation period T = 0.95T1. The sloshing response is weaklynon-linear and there are impacts occurring between oscillations
four and eight. The predictions match the CFD results with reason-
able accuracy, but the mean error is 11%. The attenuation in the
CFD result is caused by the ﬂuid near the tank top wall interacting
with the air and this is not included in the sloshing model. The
mean error value is somewhat pessimistic as the Rapid Sloshing
Model solution is slightly out of phase with the CFD solution.
The excitation period and sloshing resonance are coincident in
the next validation case. The momentum histories are compared
in Fig. 8 and there is again good agreement between both results.
The impacts against the tank ceiling continue throughout the dura-
tion of the simulation and the ﬂow physics observed in the slosh-
ing ﬂow are captured by the impact model. The error stabilizes
after about seven oscillations and the error envelope remains con-
stant for the remainder of the simulation. The mean error of 5.8% is
mostly due to the small phase difference between the two
solutions.
The tank surge period is now increased to T = 1.05T1 and the
sloshing response is weakly nonlinear. There are no impacts at
the tank ceiling but the CFD solution indicates that the interaction
between the sloshing ﬂuid and air near the tank ceiling affects the
sloshing behaviour as in the case with T = 0.95T1. Fig. 9 compares
W obtained from the CFD simulation with the pendulum results.
The peaks in the second beating phase predicted by the sloshing
model are about 15% greater than those obtained using CFD and
the overall mean error is 13%.
(a): 195.0 TT = (b): 100.1 TT =
(c): 105.1 TT = (d): 125.1 TT =
Fig. 21. Comparison of power spectra for roll induced sloshing.
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iod to T = 1.10T1. The CFD and sloshing model momentum histories
are compared in Fig. 10. The beating behaviour is well developed
and is attenuated gradually. In this case, the CFD and sloshing
model solutions show excellent agreement throughout the time
frame considered and the mean difference of 2.4% is similar to that
observed in Fig. 6.
4.1.2. Analysis
A frequency domain analysis is carried out for the sloshing
ﬂows modelled in Fig. 6–10 and the results are given in Fig. 11.
When the excitation period is located sufﬁciently far from reso-
nance as is the case in Fig. 11a, e and also f, two distinct peaks at
the ﬁrst resonance period and excitation period can be observed.
In the surge simulation with T = 0.95T1, shown in Fig. 11b, there
is no separate peak at the excitation frequency and the spectrum
is similar to that for the resonance case where the response peak
coincident with the excitation period. In both cases, there is a dis-
tinct trough at the high-frequency side of the response peak and
the low frequency side decreases gradually. For the sloshing ﬂows
with an excitation period of T = 1.05T1 and T = 1.10T1, shown in
Fig. 11d and 11e respectively, there is a double peak at the reso-
nance period and excitation period.
In all cases, there is good agreement in the low frequency range,
which indicates the correct choice of damping coefﬁcient and the
high frequency behaviour up to approximately 0.5T1 is also wellrepresented by the sloshing model. There are some differences in
the case T = 1.25T1 which was used to set up the model in
Fig. 11f. The magnitude of the response is several orders of magni-
tude less than in the other cases and the time history, shown in
Part 1 [13], shows excellent agreement with the CFD solution.
4.2. Transverse tank section
The second stage of the sloshing case study uses the transverse
tank cross section in Fig. 2. The excitation periods T = [0.95, 1.00,
1.05, 1.25]T are located near the ﬁrst resonant period to capture
the most signiﬁcant sloshing responses. The sloshing model is
adapted to this tank geometry by applying the procedure in Part
1 [13] to the CFD results obtained for sway with an excitation
period T = 1.25T1. Both sway and roll motions are validated and
the tank displacement amplitudes are 0.025 m and 2, respectively.
Table 5 summarises the settings for the Rapid Sloshing Model for
the transverse cross section. The same impact model coefﬁcients
as in the previous sections are used even though the impact phys-
ics are expected to differ between a rectangular and octagonal
section.
4.2.1. Sway
The results for sway are considered ﬁrst and the result for
T = 0.95T1 is shown in Fig. 12. It is interesting to note that the mag-
nitude of W is similar to that in the corresponding Fig. 7 for surge.
(b): zoom on regions of interest 
(a): full simulation
Fig. 22. Comparison of normalised ﬂuid momentum W for irregular surge (case A).
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and, to a lesser extent, the top wall, but these cease after about
15 oscillations. The sloshing model overestimates the steady-state
CFD result for W, but the transient is well predicted and the mean
error of 11% is comparable to the corresponding case for surge. The
error envelope remains constant after the initial transient phase
and the difference in the results obtained can be attributed to
the impact model.
The tank is excited at resonance in the second sway validation
case, which is shown in Fig. 13. Impacts occur throughout this sim-
ulation and the sloshing model replicates this behaviour with good
accuracy. The difference between the two results is constant after
about 10 oscillations and the mean error is 6.3%.
The ﬁnal sway test case is with an excitation period T = 1.05T1
and the resulting ﬂuid momentum plot is shown in Fig. 14. The
initial transient region is well captured with the Rapid Sloshing
Model and although there are discernable differences as the ﬂow
approaches a steady state, the mean error for the time frame inves-
tigated is 5.4%. Thus, the procedure in procedure for adapting the
pendulum model to a speciﬁc tank shape given in Part 1 [13] is
suitable for the tank shapes likely to be encountered during LNG
sloshing analysis.4.2.2. Roll
The next set of validation cases is roll-induce sloshing. The roll
centre of motion is deﬁned at the centre of area of the cross section
which requires the use of the two-degree of freedom model in Eq.
(1) to move the roll centre to the initial ﬂuid centre of mass. The
contribution of the sway component caused by shifting the centre
of rotation to the quiescent ﬂuid centre of mass is not found to be
particularly signiﬁcant but when it is neglected a different motion
history is obtained for low frequency excitations. All model param-
eters are kept the same as in the sway – induced sloshing simula-
tions in the previous section.
The ﬁrst test uses an excitation period T = 0.95T1 and the ﬂuid
momentum is shown in Fig. 15. There are some discernable differ-
ences between the CFD solution and sloshing model in the initial
transient region where the CFD solution is leading the sloshing
model. This does not continue into the steady state region and
the mean error of 12% is comparable to values observed with trans-
versely excited sloshing simulations discussed previously.
The second test, shown in Fig. 16, excites the sloshing tank at
resonance and ﬂuid impacts occur throughout the simulation.
Fig. 17 shows three snapshots of the CFD solution, where Fig. 17a
depicts the ﬁrst impact against the vertical side wall. There are still
(b): zoom on regions of interest 
(a): full simulation
Fig. 23. Comparison of normalised ﬂuid momentum W for irregular surge with raised tank ceiling (case B).
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the main bulk of ﬂuid. In Fig. 17b the ﬂow has progressed past the
second impact at the upper hopper and is moving towards the
third impact at the corner between the upper hopper and the tank
ceiling. The post-impact ﬂow ﬁeld is shown in Fig. 17c. It is
reversing its direction and there is some ﬂuid fragmentation at
the tank top. The mean difference of 24% is a pessimistic prediction
as the main source of error is the small phase difference between
the Rapid Sloshing Model and CFD solutions.
The next example in Fig. 18 uses the larger excitation period
T = 1.05T1 and there is more signiﬁcant disagreement between
the CFD result and the sloshing model. While the two solutions re-
main in phase, the transition between the start-up transient and
the steady state ﬂow ﬁeld is not as well predicted as in the previ-
ous cases. This may be attributable to the ﬂuid impact, where the
three separate phases of ﬂuid impact are not adequately repre-
sented with a single potential function.
The excitation period is increased further to T = 1.25T1 for the ﬁ-
nal roll test. In this case, the non-periodic behaviour seen previ-
ously with surge is observed in Fig. 19 as well. The momentum
history obtained CFD shows generally good agreement with the
sloshing model and the error remains constant during the durationof the simulations. There are some differences in the ﬂow evolution
between the beating peaks and the mean error is 5.5%.
4.2.3. Analysis
Figs. 20 and 21 show the frequency domain analysis for the
sloshing cases in the transverse cross section. In the sway cases
the dominant peak is located at the excitation period, with a sec-
ondary peak at resonance. This peak is well deﬁned in Fig. 20d,
but in Fig. 20a and c there is no separate peak at the resonant fre-
quency. The Rapid Sloshing Model solution predicts the knuckle in
Fig. 20a, but there are differences at resonance in Fig. 20c. The va-
lue and location of the peak in the spectrum is well predicted by
the Rapid Sloshing Model solution in all four cases considered
and the solutions from the CFD and the sloshing model show good
agreement in the low frequency range.
The results for roll in Fig. 21 are similar, with a dominant peak
at the excitation frequency and secondary peaks at resonance.
There is good agreement between Rapid Sloshing Model and CFD
in the spectrum in Fig. 21a with the peak at the excitation fre-
quency and knuckle at resonance well predicted by the Rapid
Sloshing Model. A similar result is observed in Fig. 21b where the
peak is at resonance. A secondary peak at T = 0.4T1 is also
(a): pendulum equation with sin (θ ) 
(b): linearised pendulum equation
Fig. 24. Comparison of normalised ﬂuid momentum W for case B with conventional pendulum models.
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and the low frequency behaviour of the Rapid Sloshing Model solu-
tion matches that of the CFD solution. Although the response peak
is well predicted in all four roll validation cases, the Rapid Sloshing
Model and CFD solutions in Fig. 21c show more substantial differ-
ences in the low frequency region. Better agreement and two dis-
tinct response peaks are observed in Fig. 21d and the low
frequency behaviour of the Rapid Sloshing Model solution is in
good agreement with CFD.4.3. Irregular surge motion
The two previous validation stages for surge, sway and roll have
all assumed that the excitation motion is periodic. This type of mo-
tion regime cannot be expected from a real ship and the third stage
of the sloshing case study investigates the response of the pro-
posed sloshing model to a irregular surge motion proﬁle.22 The cases considered in this section are identiﬁed by upper-case Latin characters.The ﬁrst test (case A) is the direct application of the motion pro-
ﬁle obtained from Eq. (9) to the longitudinal tank cross-section
using the pendulum sloshing model settings from the surge valida-
tion study in Section 4.1.1. This is illustrated in Fig. 22a, where
there is good agreement between the CFD solution and the slosh-
ing model. The mean error of 4.3% is similar to those observed with
periodic surge motions. The areas with more signiﬁcant differences
around 20 s, between 90 and 110 s and the last 20 s of the simula-
tion are enlarged in Fig. 22b. After the motion is initiated the CFD
and sloshing model solutions are coincident until the onset of the
ﬁrst impacts at about 20 s. There are subsequent differences be-
tween the two solutions, but the sloshing model and CFD solution
soon regain agreement. Near the mid-point of the simulation at
100 s the momentum predicted by the sloshing model is about
15% greater than the CFD solution. Nonetheless, towards the end
of the simulation where there is a non-periodic sloshing response,
the two solutions are again in good agreement.
The second case B investigates the effect of the top wall im-
pact on the sloshing response by increasing the tank height to
1.2 m. The resulting momentum history is shown in Fig. 23a,
with a similar level of agreement as in the previous case.
(b): zoom on regions of interest 
(a): full simulation
Fig. 25. Comparison of normalised ﬂuid momentum W for irregular surge with raised tank ceiling and quadrupled acceleration amplitude (case C).
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evenly distributed throughout the simulation. The three snap-
shots highlighted in the previous case are also examined in
greater detail and the ﬁrst momentum peak at 20 s is well pre-
dicted by the sloshing model. The CFD and sloshing model data
for the subsequent ﬂow evolution near 100 s show excellent
agreement, but there are some more pronounced differences to-
ward the end of the simulation at 180 s.
The motion proﬁle in case B is also applied to a typical pendu-
lum sloshing model with a sin(h) and a linearised restoring force
term [7] and only a linear damping coefﬁcient. Fig. 24 shows the
effect of substituting the Rapid Sloshing Model approach adopted
in this paper neither pendulum model can capture the sloshing
behaviour after the ﬁrst 10 s. The momentum predicted by the con-
ventional pendulum models usually exceeds the CFD results but
there is a phase between 35 and 45 where the pendulum models
underestimate the momentum by about 75%. The linearised pen-
dulum equation results in a slightly larger mean error of 64% com-
pared to the 50% error with the normal pendulum equation.
The ﬁnal validation case C with irregular tank motions intro-
duces a more severe motion regime by using the same time series
as in the previous two cases and increasing the accelerationmagnitude fourfold. This produces greater nonlinearities in the
sloshing response throughout the 200 s considered and the results,
obtained using the 1.2 m high tank used previously, are shown in
Fig. 25. The peak magnitude of W has doubled and a comparison
of the two plots in Figs. 23 and 25 illustrates some of the complex-
ities of sloshing.
The maximum momentum occurs between 10 s and 20 s as in
the previous case, but the transition is sharper and the Rapid Slosh-
ing Model has some difﬁculties in replicating this behaviour. After
about 25 s, there is again good agreement between the two meth-
ods and the next peak phase between 35 and 45 s is well predicted
with the Rapid Sloshing Model. After about 80 s there is a signiﬁ-
cant peak in the momentum and the Rapid Sloshing Model and
CFD solutions show good agreement in the snapshot between
90 and 110 s. There is a substantial spike at about 155 s, compared
to the gradual decrease observed in Fig. 23 at the same time which
underlines the nonlinearities in a sloshing ﬂow and its sensitivity
to history effects. In the ﬁnal 20 s of that simulation, there is again
agreement between the CFD solution and the Rapid Sloshing
Model. The mean error of 8.3% is despite the substantial increase
in motion amplitude very similar to that observed in other
simulation.
(a): pendulum equation with sin (θ ) 
(b): linearised pendulum equation
Fig. 26. Comparison of normalised ﬂuid momentum W for case C with conventional pendulum models.
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lum equations and the results are shown in Fig. 26. After about
10 s, both pendulummodels fail to replicate the sloshing behaviour
and the absence of an impact model results in further differences.
The linearised pendulum equation generally over-predicts the ﬂuid
momentum and its mean error of 77% is only slightly larger than
the 70% observed with a normal pendulum equation. This suggests
that the key inﬂuence is the restoring force model rather than its
linearisation.
The frequency domain analysis of the sloshing response ob-
tained with irregular surge motion is shown in Fig. 27. The spectra
for case A and case B are similar, with a well-deﬁned peak at the
ﬁrst resonant frequency. When the excitation amplitude is in-
creased, the response peak is broader but the shape of this spec-
trum is comparable to the other two. The solution was computed
in fast time and most of the computational time was spent interpo-
lating the motion proﬁle on the time steps used for the numerical
solution of the differential equations.
The momentum histories obtained with the RSM shown in Figs.
22–25 are used to obtain the dynamic sloshing force using the
relationFD ¼ @
@t
ðPÞ; ð19Þ
where FD is the dynamic force. The time derivative of momentum
was calculated numerically using the GRADIENT function inMATLAB
as a second order central difference scheme. The dynamic force is
non-dimensionalised using the initial free surface height such that
Non-dimensional force ¼ FD
qghb
; ð20Þ
where b is tank width, g gravity, h ﬁlling height and q density. The
corresponding values for FD were obtained from the CFD simulation
by integration of the dynamic pressure on the tank walls.
Fig. 28 compares the non-dimensional dynamic force for case A
and there is agreement between the CFD and the RSM solutions.
The mean error has increased from 4.3% to 7.5% which is mainly
attributable to disagreements between 100 and 120 s as shown
in Fig. 28b. The dynamic force in the initial transient phase with
impacts is predicted with good accuracy using the RSM and
Fig. 28a shows that the two solutions remain in phase throughout
the 200 s time frame considered.
full spectrum zoom near resonance
case A
case B
case C
Fig. 27. Frequency domain analysis of the sloshing response for irregular surge (case A–C).
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(b): zoom on regions of interest 
(a): full simulation
Fig. 28. Comparison of RSM with CFD using normalised sloshing force on tank for irregular surge (case A).
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Fig. 29. The CFD and RSM solutions are in good agreement and
the mean error of 8.3% for the momentum-based comparison in
Fig. 23 is similar to the 9.6% observed using the dynamic force cal-
culation. The peaks in the ﬁrst 20 s of the simulation are repro-
duced with the RSM but the RSM overpredicts the force in the
region between 100 and 120 s as shown in Fig. 29b.
The ﬁnal comparison with the dynamic sloshing force is made
using case C where the motion amplitude is increased fourfold and
the comparison between the CFD and RSM solutions is shown in
Fig. 30. In this case there are more signiﬁcant differences between
the CFD and RSM solutions in the initial 20 s and the mean error
has increased to 13% compared to 8.3% in the momentum-based
comparison. The force predictions from the RSM do not reproduce
the peaks between 10 s and 20 s and the peaks at 122 s are missed.
Otherwise the CFD and RSM solutions are in good agreement when
using the dynamic force as a basis for comparison.
4.4. Combined surge and pitch
Theﬁnal stageof the sloshing case study is the simulationof slosh-
ing caused by the simultaneous surge and pitch motion of the tank.33 The cases considered in this section are identiﬁed by lower-case Latin characters.The two-degree of freedommodel in Eq. (1) was used in Section 4.2.2,
but the sloshing responsewasdominatedby the rollmotion. In this sec-
tion, ﬁve motion proﬁles with similar surge and pitch displacement
amplitudes, chosen somewhat arbitrarily, are imposed on the tank.
The centre of rotation is at the centre of area of the tank as in the cor-
responding experiment by Hinatsu [16]. The sloshing model settings
are the same as in the surge validation study in Section 4.1.
In case a, shown in Fig. 31, the excitation motion is at resonance
and the surge and pitch amplitudes are 0.015 m and 2, respec-
tively. There are ﬂuid impacts after the ﬁrst three oscillations
and the impacts continue for the entire simulation. There is good
agreement between the CFD solution and sloshing model through-
out the duration of the simulation and the difference remains con-
stant. The mean error of 7% is comparable to other cases
considered in this sloshing case study.
The second validation case, case b, uses the same surge and
pitch amplitude as in the previous case, but the excitation periods
are different, with the surge excitation period at resonance and the
pitch excitation period Tpitch = 1.10T1. This case is unlikely to be
experienced by a real ship as the motions are excited by the
same wave proﬁle, but this case illustrates the ability of the
sloshing model to handle such motion proﬁles. The resulting
sloshing response is depicted in Fig. 32 and, although there is some
disagreement between the CFD solution between the beating
(b): zoom on regions of interest 
(a): full simulation
Fig. 29. Comparison of RSM with CFD using normalised sloshing force on tank for irregular surge with raised tank ceiling (case B).
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and the solutions are in phase throughout the 30 oscillations
shown.
Case c, shown in Fig. 33, uses an excitation period T = 1.0362T1
for both surge and pitch. The response is similar to that observed in
Fig. 31 and the error envelope is similar with a mean error
of 13%.
In the fourth two degree of freedom validation test case, case d,
in Fig. 34, the pitch amplitude is increased to 5 and the surge per-
iod Tsurge = 0.95T1, which was more problematic for simulation
using the proposed sloshing model. The ﬂuid momentum peaks
calculated using the pendulum model and CFD are of similar mag-
nitude, but the two solutions differ when descending through
W = 0. This is explained by the impact model and the violent nature
of the sloshing response. This is explained by the impact model and
the violent nature of the sloshing response. The mean error of 16%
is due to the difference between the solutions at at the initial tran-
sient which caused by the impact model.
Fig. 35 shows the free surface location during one half oscilla-
tion for case d. In Fig. 35a the ﬂow has struck the top wall and a
jet is forming which has progressed considerably in 0.15 s (shownin Fig. 35b). The ﬂow direction is changing in Fig. 35c and the jet
has reached the right side wall. A hydraulic jump forms close to
the right wall in Fig. 35d and 0.05 s later the ﬁrst ﬂuid impact oc-
curs at the right side wall as shown in Fig. 35e. During and after
impact illustrate din Fig. 35f and g there is air entrapment and
bubble formation and the ﬂuid is moving up to the top wall. The
impact against the top wall is shown in Fig. 35h and the post-
impact jet is illustrated in Fig. 35i.
The frequency domain analysis of the cases considered in stage
four of the validation is shown in Fig. 36. The spectrum for case a is
similar to the pure surge resonance case, but the local trough on
the high-frequency side of resonance is not replicated. The re-
sponse spectrum for case b has two distinct excitation periods with
a peak at the resonant frequency and a smaller separate peak at the
pitch excitation period. There is a further peak near the resonance
period and there is a distinct difference between the CFD solution
and the sloshing model at the second resonant period T2 = 0.62T1.
The response spectrum of case c with identical surge and pitch
excitation frequencies is similar to that in case a, although the peak
is not as sharp. In both cases, the CFD and sloshing model spectra
are similar at low frequency. The ﬁnal case, case d, in Fig. 36 with
(b): zoom on regions of interest 
(a): full simulation
Fig. 30. Comparison of RSM with CFD using normalised sloshing force on tank for irregular surge with raised tank ceiling (case C).
Fig. 31. Comparison of normalised ﬂuid momentum W for combined surge and pitch – case a.
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response spectrum. The distinct peaks near resonance are notcaptured well but the high frequency peak at t/T1 = 0.3 is captured
with surprising accuracy.
Fig. 32. Comparison of normalised ﬂuid momentum W for combined surge and pitch – case b.
Fig. 33. Comparison of normalised ﬂuid momentum W for combined surge and pitch – case c.
Fig. 34. Comparison of normalised ﬂuid momentum W for combined surge and pitch – case d.
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ulations of coupled ship motion and sloshing can be found in Lee
et al. [20]. A good overall agreement was found with other avail-
able numerical predictions and experimental measurements.5. Conclusions
The sloshing model introduced in Part 1 [13] is applied to a
sloshing case study for longitudinal and transverse cross sections
Fig. 35. Dynamic free surface location during one half oscillations for case d.
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with a ﬁlling level near the critical depth. The coefﬁcients of the
sloshing model are computed by the application of the procedure
outlined in Godderidge et al. [11,12] using the results from one
CFD simulation for each tank section. The initial test cases are
translation and rotation – induced periodic sloshing and there is
good agreement between the sloshing model and the correspond-
ing multiphase CFD solution which is independent of the sloshing
model. An arbitrary motion surge motion proﬁle obtained from a
wave spectrum describing a realistic seaway is simulated with
the sloshing model and the difference to the CFD solution is
approximately 6%. It is found that a conventional pendulum model
is unable to emulate the sloshing response, with errors up to an or-
der of magnitude greater than those from the Rapid Sloshing Mod-
el methodology applied in this study.
Rotational and translatory motions with identical and different
frequencies are then applied simultaneously and the solutions be-
tween CFD and sloshing model continue to show good agreement.
The ﬁnal test is a violent sloshing ﬂow excited by simultaneous
sloshing ﬂow and despite the limitations of the impact model the
solutions remain in agreement. The advantages of pendulum slosh-
ing model include a sufﬁciently low computational cost permitting
simulation rates at 0.1% of real time on a desktop PC. The pendu-
lum-based sloshing model is not restricted to a particular range
of ﬁlling levels and because the ﬂuid mass is not part of the
numerical solution the resonance characteristics of the system
are strictly preserved which enables simulations with large
numbers of time steps. Translatory and rotational motion, or a
combination thereof can be deﬁned by either continuous functions
or discrete data sets.The properties of LNG and the increased surface roughness of
some LNG containment systems can be included by changing the
damping characteristics. The model can be extended to three
dimensional sloshing and the impact model can be extended to
include ﬂuid structure interaction effects [18]. The current
impact model is optimised for hydrodynamic impacts where
the impact coincides with the maximum displacement of the
ﬂuid centre of mass but ﬂow features observed during impact
such as wave overturning and air pocket formation do not follow
this assumption. Therefore, the impact model requires further
improvement so that a wider range of sloshing impact physics
is included.
Although a phenomenological modelling approach is based on
the observation of physical behaviours of the system to be mod-
elled and the principal features are captured in the model, the
weakness of this kind of modelling approaches is the lack of ex-
plicit physical foundation for some of the details and thus
empirical formulae are often adopted in the models. Hence val-
idation is essential to establish the application areas of a partic-
ular model. Further development is needed for the Rapid
Sloshing Model to predict pressure ﬁeld and to account for
damping due to wave breaking for low ﬁlling level sloshing
cases.
The potential applications of this sloshing model include its
use in a sloshing guidance system for sloshing monitoring
onboard LNG carriers, a pre-screening tool for the identiﬁcation
of violent sloshing in a real LNG carrier motion track (typically
3 weeks duration) or incorporation in a seakeeping code for both
time and frequency domain coupled sloshing-seakeeping
analysis.
case a case b
case c case d
Fig. 36. Comparison of power spectra for combined surge and pitch induced sloshing.
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